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ABSTRACT 

Let X be a complete intersection algebraic variety of codimension m > 

1 in C m+n.  We define the  notion of (p, q)-order and (p, q ) -K- type  for 

t ranscendenta l  entire functions f C O(C re+n) where K is a non-pluripolar  

compact  subset  of C m+n . Further,  we consider the  analogues of (p, q)- 

order  and (p,q)-K-type in O(X) .  We discuss the  series expansions of 

the  functions in O(X) in terms of an orthogonal basis in a Hilbert  space 
~2(X,  it), where tt is a capacitary extremal  measure on K.  

1. I n t r o d u c t i o n  

The present work was inspired by the seminal paper of Zeriahi [Ze.1]. The key 

ideas of order and type and the role these play in the study of the growth of 

transcendental entire functions in C m+n are classical in complex analysis. The 

one complex variable case is well represented in the work of B. Ja. Levin [Lev.1]. 

In several complex variables the standard reference is now the work of P. Lelong 

and L. Gruman [Le-Gr.1] and, with a slightly different emphasis, Ronkin's book 

[Ro.1]. 
Our goal in this paper is to extend the notions of (p, q)-order and (p, q)-type 

studied in [E-M, K.1] to transcendental entire functions f:  X --~ C, defined on a 

complete intersection algebraic variety X in C ~+n of codimension m > 1. We 

also introduce the new concept of (p, q)-K-type in our characterization of the 

growth properties of these transcendental entire functions. The subset K we 

use in the definition of (p, q)-K-type is assumed to be compact, nonpluripolar 
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and a E-regular subset of X. E = E(C m+~) and £ = £ (X)  are the Siciak and 

Sadullaev subfamilies of the plurisubharmonic (in short, psh) cones denoted by 

7~SH(C "~+n) and P S H ( X ) ,  respectively. The definitions of these cones, extremal 

functions associated to compact nonpluripolar sets and their important properties 

are given in Section 2. Section 3 is devoted to the proofs of Zeriahi-type theorems. 

In the final section of the paper we introduce the generalizations of the concepts 

of (p, q)-order and (p, q)-K-type to varieties, and state and prove the main result 

of this paper on the characterization of the growth properties of transcendental 

entire functions on complete intersection algebraic varieties. 

ACKNOWLEDGEMENT:  We are very much indebted to A. Zeriahi and 

A. Sadullaev, whose cited papers were instrumental in starting this paper, and 

we are grateful to the referee for his perceptive observations, suggestions and 

comments which helped to restructure the presentation of this paper. 

2. P r e l i m i n a r i e s  on  (p, q ) -order  and  (p, q ) -K - t y p e  

In this section we recall some central classical notions of order and type, (p, q)- 

order and (p, q)-type, where p, and q are non-negative integers such that  p ~_ 

q >_ 1. Most of these results have been discussed in greater detail in the paper, 

[E-M, K.1], but  for ease of reference we state some of the definitions and key 

lemmata here. As in, [E-M, K.1], let 6: C m+n -+ ]iCq_ :--- {r C R: r > 0} be a 

real-valued function such that  the following properties hold: 
(i) ~(z + ~) < ~(z) + ~(~),Vz,w • c re+n, 

(ii) 6(bz) = Ibl6(z), gz • Cm+~,Vb • C, 
(iii) 5(z) = 0 ~ z = 0. In this case 5 is a norm on C m+~ and it exhausts 

the complex space C m+n by a family of sublevel sets {Fie}c_>1 which are defined 

by 
~c := {z • C m+~: a(z) < c, c • IR}. 

Let ko: C m+n -+ F~+. Define the maximum of • with respect to the norm 

(f by A/l¢,a(r) := supa(,)_< r qd(z), for each r • l[~. Let f :  C m+'~ --~ C be a 

transcendental entire function on C m+~. Then, we say that f is of order p, if 

log If] is of order p, where 

limsup log(M f,~ (r)) 
(2.1) P := logr " 

If p < +oo, f is said to have maximal, normal or minimal type if 

(2.2) a := limsup A'iY'~(r) 
r-~oo r p 
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is infinite, finite or zero, and a is said to be  the  type  of the funct ion f wi th  

respect  to the  norm 5. 

Definition 2.1: A prox imate  order p(r) for the order p > 0 is a funct ion p(r) > 0 
defined for each r E R+ such tha t  

(I) l i m ~  p(r) = p and 

(II) l i m r - ~  p'(r)rlogr = 0, where  p'(r) is the  derivat ive of p(r) with respect  

to  r.  If  

a = l imsup  3dy,e(r)  
r--+oo 7 "p(r) 

is finite, we say t ha t  p(r) is the proximate  order of the  t ranscendenta l  entire 

funct ion f :  C m+n --~ C 

A t ranscendenta l  entire function f :  C "~+~ --+ C is said to be  of 

log [p[ .ML,~ (r) 
(2.3) p - p(p, q) = lim~_~sup log [q] r ' 

where log[S] y = exp[-s ly  = log[8-11(log y) = exp(exp[-8-1ly) ,  s = 0,-t-1 - t - 2 , . . . ,  

provided t ha t  0 < log [~-11 < oc and log [°1 y = exp[°ly = y wi th  p, q integers such 

tha t  p _> q >_ 1. 

De~qnition 2.3: A t ranscendenta l  entire function f :  C m+~ --+ C is of index-pair  

(p,q),p _> q >_ 1, if b < p(p,q) < oe and p ( p -  1,q - 1) is not  a nonzero finite 

number  where  b = i if p = q and b = 0 if p > q. 

(I) I f  p(p,q) is never  greater  than  1 and p(p~,p') = 1 for some integer p '  >_ 1, 

then  the  index-pair  of f(z) is defined as (s, s) where 

s := inf{p':  p(p',p') = 1}. 

(II) If  p(p, q) is never  nonzero finite and p(p", 1) = 0 for some integer p"  > 1, 

then  the  index-pair  of f(z) is defined as (k, 1), where 

k := inf{p": p(p", 1) = 0}. 

(III)  If  p(p, q) is always infinite, then  the  index-pair  of f(z) is defined to be  

(IV) If  f(z) has the  index-pair  (p, q), then  p = p(p, q) is called the (p, q)-order 

of f(z). 

To compare  the  growth  of t ranscendenta l  entire functions having the  same 

(p, q)-order, we in t roduce the  concept  of (p, q)- type as follows: 

Definition 2.2: 
(p, q)-order p if 
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Definition 2.4: A transcendental  entire function f on C m+n of (p,q)-order  

p (b < p < c~) is said to be of (p, q)-type a if 

(2.4) a =_ a(p, q) := l imsup l°g[P-1] Adf,~(r) ,  0 < a < co, 
r-~oo (log[q-ll r )  p 

where b = 1 i f p  = q and b = 0 i f p  > q. 

Definition 2.5: A transcendental  entire function f ,  having index-pair  (p, q), is 

said to  be of (p, q)-growth {p, a} if it is of (p, q)-order tha t  does not  exceed p and 

its (p, q)- type does not  exceed a if it is of (p, q)-order p. 

Definition 2.6: A positive function p(r) defined on [r0,oo],ro >_ exp[q-1]l,  is a 

proximate  order for a t ranscendental  entire function f on C m+n with index-pair  

(p, q) if: 

(I) p(r) -4 p(p, q) = p as r -+ c~, b < p < c~. 

(II) A[q](r)p' -4 0 as r -4 ~ , b  = 1 i f p  = q,b = 0 i f p  > q and i [ r ] ( r )  := 

[Ij=l q l°g [j] r,  where p'(r) is the derivative of p(r). 

If, in addi t ion to  conditions (I) and (II), we have for b < p < c~ tha t  

(2.5) l imsup l°g[P-1] J~ f,5(r(~) : a(p, q) =- a, 0 < a < c~, 

then  p(r) is said to be the proximate  order of the t rancendenta l  entire funct ion 

f ( z )  if a is nonzero and finite. 

LEMMA 2.7 (E-M, K.1): (log [q-ll r)  p(~)-A is a monotone increasing function of  

r for 0 < ro < r < 0% where A = 1 i fq  = 2 and zero otherwise. 

Since (log [q-1] r) p(r)-A is a monotone increasing function of r,  we can define a 

real-valued function ¢ (x)  of x > x0 > 0 to be a unique solution of the equat ion 

(2.6) x (log[q-ll r )  p(~)-A = ~. ;. ~b(x) = log [q-1] r. 

To int roduce the impor tan t  concept of (p ,q)-K-type  for t rancendenta l  

functions on C m+~ we need some precise information on the R+-convex cone 

of p lur isubharmonic  functions (in short,  psh functions) denoted by P S H ( . ) ,  and 

on C m+'~ write PSH(Cm+~) .  In part icular,  we are interested in the  subcones of 

ex t remal  functions s tudied by Siciak [Si.1] on C m+'~ and Sadullaev [Sd.1, 2] on 
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the complete intersection variety X in C_. m + n  . Let £ : = / : (C  re+n) be the class of 

all functions u which are plurisubharmonic on C "~+~ and satisfy the condition 

(2.7) u(z) < log(1 + Ilzll) + 0(1) ,  as Ilzll ~ + ~ ,  

where [I. I1 is the Euclidean norm on C m+~. This is the space of plurisubharmonic 

functions of logarithmic growth. Since AA(r) := suPllzll=R u(z) is a convex, in- 

creasing function of R C R, we see easily that /2 consists of plurisubharmonic 

functions of minimal growth. For K a compact subset of C m+'~, we define the 

Siciak extremal function associated to K by 

(2.8) VK(~) := sup{v(~): V E /:;V(¢) < 0, V~ E K}. 

Let 

(2.9) V~ (z) := lim sup VK (if) 
¢--+z 

be the upper semi-continuous regularization of VK. This function has been 

studied extensively by Siciak [Si.1] and Sadullaev [Sd.1, 2]. The function VK 
is in general not smooth on C m+'~ \ K when m + n > 0. It is a theorem of Siciak 

[Si.1] that  either V~: = +cxz, in which case the set K is pluripolar, or else V/~ is 

psh and 

(2.10) Vk(z) ~ log([Izll + 1) + 0(1) ,  as ILzll ~ + ~ .  

If VK is continuous on C m+", then VK = V~: C £. In the paper [Sd.2], Sadul- 

laev studied the case of these extremal psh functions on a complete intersection 

algebraic variety, X of codimension m > 1 in C m+'~. This variety is, in fact, the 

intersection of m hypersurfaces that  are transverse at each point of their intersec- 

tion. If K is a compact subset of C ~+"  which is nonpluripolar on each irreducible 

component of a complete intersection variety X,  then the upper semi-continuous 

regularization of VK can be defined on X by 

(2.11) V~c(z) := l imsupVg({),  ~ E K, z E X. 
ff--+z 

This function is psh on X mad satisfies 

(2.12) Vk(z) ~ log(llzll + 1) + o(1),  
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where 

(2.13) VK(z) := sup{v(z): v • / : ( X ) ; v ( ~ )  < O,V~ • K,z  • X} .  

The subcone £(X)  is given by 

(2.14) / : (X) := {v(z): v • PSH(X);v(z )  <_ log(lizl + 1) + C, , z  • x } ,  

where Cv is a constant depending only on the  psh function v. It is a result of 

Sadullaev that  if, for all z • K, VK is continuous, then VK is continuous on X. 

In this case we say that  K is/:-regular in X. We define the sublevel sets of the 

extremal function VK by setting 

(2.15) := {z  e x :  VK(z)  < > 1, • 

Suppose K is a compact nonpluripolar subset of C m+'~, and that the associated 

function VK to K is £:-extremal on C'~+n; we can define the sublevel sets of the 

upper semi-continuous regularization V~ of VK by 

(2.16) ~t~ :-= {z • Cm+n: expV~:(z) < r}, r > 1. 

Observe that  the sequence of sublevel sets {~r}r>l exhausts the complex space 

C m+n. For f :  C m+n --+ C a transcendental entire function, set 

(2.17) A/lK,f(r) := sup [f(z)[ ,  r > 1. 
z E~r 

One shows easily that log + .MK,f and log + J~f,6(r) give the same order, called 

the order of the transcendental entire function f on C m+" and given by 

(2.18) p -- p(f) :---- limsup 
r~oo log r 

log log + . ] ~ K , f  ( r )  

Most of the definitions that  follow are inspired by, and in fact in some sense 

are contained in, Zeriahi's paper [Ze.1]. This paper had its origin in trying to 

understand the cases studied by Zeriahi. If the order of f ,  p = p(f) ,  is nonzero 

and finite (0 < p < oo), we define the K-type of the transcendental entire function 

f on C ~+n by 

log + J~g , f  (r) 
(2.19) O'K -~ O'K(f) - -  O'K, f  : :  limsup 

r-->oo rP 
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The definitions of order and K- type  given in (2.18) and (2.19) easily generalize to 

the case of transcendental entire functions on the complete intersection algebraic 

variety X of codimension m > 1 in C "~+n . The definition for the case of proximate 

order p(r )  similarly generalizes to this case. Let K be a compact, nonpluripolar 

and/ : - regular  subset of X,  and let # be the extremal capacitary measure on K 

given by 

( v;)  ° (2.20) # :--- dd c . 

It is known that  for a nonpluripolar set K this measure is a positive Borel measure 

supported on K.  ~ r t h e r  details on this can be obtained from the interesting 

paper of E. Bedford and B. A. Taylor [B-T.1]. 

Here we reformulate the definitions of (p, q)-order and (p, q)-K-type in a form 

most suitable for our purposes. We shall need this formulation in the final section 

of the paper. Let f :  X --+ C be a transcendental entire function on a complete 

intersection variety X. Then we write the (p, q)-order p and the (p, q)-K-type in 

the forms: 

log [p] • K , f  (r) 
(2.21) p = p(p,q) := limsup 

~-*~ log [q] r 

and 

(2.22) 
a ~ a g  -- a K  (p, q) 

log[P- 1] M K,f  (r) 
:= lim sup 

r-+c~ (log[q-i] r )  p(r) 
O < a < o c ,  p > q >  l.  

3. Proofs  of  Zeriahi- type theorems  

This section provides new proofs of the Zeriahi-type theorems. In his paper, 

Zeriahi refers to the book by Boas [BOA] for the rest of the proof to his theo- 

rems. Since this book deals with the one-variable case and is often not a current 

reference source in most libraries, we felt the need to provide here, in compact 

form, independent proofs of these theorems. In any case, we required a knowledge 

of the structure of the proofs as an aid to the generalizations to the case of (p, q)- 

order and (p, q)-K-type on complete intersection algebraic varieties in C m+n. In 

the paper [Ze.1], Zeriahi constructed an orthogonal polynomial basis {Ak}k>_l for 

the space O(X)  of holomorphic functions on the complete intersection algebraic 

variety X.  The basis is orthogonal in the Hilbert space L2(X,#) ,  essentially 



260 S.M. EINSTEIN-MATTHEWS AND C. H. LUTTERODT Isr. J. Math. 

by means of the Hilbert-Schmidt process. This basis is carefully constructed 

from the sequence {ek}k>l of linearly independent polynomial monomials on X 

defined by 

(3.1) ej(z) := z ̀ ~(j), z • X, j • N. 

The details of this construction can be found in Section 3 of Zeriahi's article 

[Ze.1]. 
We can now state Zeriahi's Bernstein-Markov type Inequality: 

BM: Ve > 0, there exists a constant C~ > 0 such that 

( / K ) I / 2  (3.2) sup If(z)l ~ C~(1 + e) deg(/) ]fr2dtt 
z E K  

for every holomorphic function f with polynomial growth on the complete inter- 

section algebraic variety X and K is a nonpluripolar compact subset of X. 

Set 

(3.3) 

and 

(3.4) 

fK 2 \ 1/2  k(K) = IAkl d , )  , k >_ l 

ak(K) := ma~]Ak(z)], k >_ 1. 

If the extremal function VK associated with K is continuous for every z • K,  

then VK is continuous on X and £-regular, so instead of defining sublevel sets for 

the upper semi-continuous regularization we might just as well define the same 

for VK by setting 

(3.5) 

Then we have 

(3.6) 

where 

(3.7) 

Ftr :---- {z e X: VK(Z) < logr, r • • ,r  > 1}. 

r IAkl) 
VK(z) >_ l__sk log ~ a k - ~  ' 

[Ak[~ r < ak(K)r s~, sk := degree(Ak). 

Let T'a(C re+n) denote the the C-vector space of polynomials p: C m+n --~ C of 

degree < d for d > 1. Let I:~(K, #) denote the closed subspace of the Hilbert 
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space £2(K, #) generated by the restriction to K of polynomials p E Pd(C "~+n) 

of degree(p) _< d, with d _> 1. 

series expansion in the form 

Then every function f e £~,(K, #) has a power 

(3.8) / = E fkAk, 

with 

(3.9) 

k>_l 

A - Ak(K)2 f.-dkd#; 

here.  is the dot product of vectors. 

We are now in a position to state the main theorems of this section largely due 

to Zeriahi in his paper [Ze.1]. 

If  f: X --+ C is a transcendental entire function on X with a THEOREM 3.1: 

series expansion 

(3.10) / = E AAk'  
k>l 

with respect to the orthogonal polynomial basis {Ak}k>l, where 

(3.11) fk -- A2(K ) f.Akdtt, sk = degree (Ak), k > 1 

and.  is the dot product of vectors, then f is of finite order p if[ 

(3.12) Pl lira sup sk log sk = < q-O0~ 
, 00 _ ) 

and p = pl. 

THEOREM 3.2: Let f: X -+ C be a transcendental entire function on X which 

has a series expansion of the form 

(3.13) / = E fkAk, 
k>l  

in terms of the orthogonal polynomial basis { A k )k_> 1, where 

fk = ~ /Kf.-Akd#,sk = degree (Ak), 
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and the . stands for the dot product of vectors. Then f with a finite order p 

(0 < p < +co) has finite K-type a (0 < a < +cx~) iff 

/ ,,p/S~ 
ep~l = l i m s u p s k { I f k l a k ( K ) }  < +c~, (3.14) 

a n d  o1 ~- o'. 

For the proofs of Theorems 3.1 and 3.2 we need the following crucial Lemma 

of Zeriahi extending the classical Cauchy Inequality. 

LEMMA 3.3: Let f = ~ k > l  fkAk be a holomorphic function on X .  Then for 

every 0 > 1, there exist an integer No and a constant Co > 0 such that 

(r + 1) N° 
( 3 . 1 5 )  I f k l r S k A k ( K )  ~_~ Co ( ; - - - 1 - ~ 1  [fkl-~ o, 

for every r > 1, k > 1, where Co and No are independent of r, k and f .  

We shall give here independent proofs of the two theorems above. The ideas 

of the proof are implicit in Ronkin's proof, in [Ro.1], of a similar theorem due to 

Goldberg. We begin with the proof of Theorem 3.1 

Proof'. We shall first demonstrate that Pl <_ P. To do this we use the inequality 

(3 .16 )  i f k l a k ( K  ) < J ~ K , f ( r )  r > O. 
-- Tsk ) 

If Pl ---- 0, clearly Pl < P so there is nothing to prove. Now assume 0 < pl < oo. 

If Pl < c~, define Pe ---- P l  --  e, for small e > 0, so that Pl > 0. Let Pe > 0 
be arbitrary if Pl -- +c~. Then it easily follows that for infinitely many indices 

k > 1, we have that log(lh]ak(K)) < 0 and 

1 
(3.17) sk 1ogsk > p~ log • (r:,la, I'<>) 
We immediately see that for these indices k we can deduce that 

sk log sk 
(3.18) log(Ifk[a,(K))  k 

P~ 

and 

log sk 
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t ~ :Ip~ 
Set rsk = ~esk) . Then  we have logMK,f(rsk) ~ sk/pe and 

(3.20) 1 o g l o g M K j ( r . k )  > p~(logsk~ logp~)  

logrsk - \ l o g s k T ]  /"  

We can now conclude tha t  

log log M K j  (r) log log M K j  (r~k) > P~. 
(3.21) p = l imsup  > l imsup  

r -+~  log r  - ~ _ ~  logr~k - 

Since p~ is an a rb i t r a ry  real number ,  smaller  t han  p, it follows tha t  p > Pl- In  

the next  s tep we have to show tha t  p < pl.  First  observe t ha t  if Pl = +c~,  there  

is noth ing  to prove. Assume then tha t  Pl < oc and let e > 0. For a sufficiently 

large integer k, we have 

sk log sk 
(3.22) 0 ~ ~ Pl + e. 

-logOfk]ak(K)) 

T h a t  is to say, 

(3.23) 
<_ (=.)-'"("+') 

This  condit ion implies tha t  f is a t ranscendenta l  entire function. Since adding 

a po lynomia l  will not change the order  of a function, we can assume tha t  (3.23) 

holds for every k > 1 and set ao(K) = 0. Thus  for r >_ 1, 

(3.24) A/[g,f(r) <_ E Ifklak(K)rS~ <- sk r ~ = 
k>_l k > l  1 2 

where E 1  ---- El<k~(2r)Pl +¢ 8; sk/(pl+e)rsk and E 2  = Ek>_(2r)p:+~ s~ sk/(p:+~)rs~" 
In ~-~2, we have rk-U(p~+e) <_ ½, so tha t  ~-~2 -< 1. On the other  hand,  

(3.25) 

( ) 
1 k_>l 

< K2exp(r p'+2e) 

for some cons tan ts  K1 > 0 a n d / £ 2  > 0. Hence it follows tha t  p ~ Pl + 2e. Since 

e > 0 is arbi t rary ,  the  t heo rem follows. | 

T h e  proof  of  T h e o r e m  3.2 now follows: 
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Proo~ We let 3'1 = epal, and then set 

/ k p/sk 
(3.26) "71 = l imsupsk~l fk lak(K))  • 

If  71 < c~, the function f can have at most  the order p, and if 3`1 > 0 then f 

mus t  have at least the order p. Tha t  is, if we let e > 0 and if ~/1 > 0, then  for 

sufficiently large k 

(3.27) ~(Ifklak(K)) ~/~ <_ ~: + ~, 

so tha t  one immediate ly  deduces tha t  

plsk log (3`1 + (3.28) ) __ 

This then implies the following inequality: 

sk log sk 

(3.29) - log( l f k lak (K) )  <- (1 - l o g ( ~ ) )  " 

Fur thermore,  it follows from Theorem 3.1 tha t  the order of f is at most  p. The  

other  s ta tement  is demons t ra ted  similarly. 

Let  us now assume tha t  0 < 3`1 < oo and then show tha t  in this s i tuat ion 

For this let us take any e > 0; then for k sufficiently large we 

_ ( " ~ 1 - + - £ ~  s k i p  

(3.30) I A i a k ( K )  < ~ - -E - -~  ~ " 

Suppose tha t  (3.30) holds for k >_ 1 and tha t  ao(K) = 1, since adding a polyno- 

mial to  f will not  change the type  of the function. Then  

_ _  - -  - -  ( 3`1-~- £ ) ) skip 
(3.31) tl(z)l <ElfkllAkl~, <EIAla~(g ) r  "' < E ( r ° , - E - , ,  , 

k> l  k>_l k:>l 

using (3.30). Now consider the function 

( 0 (3` :+c~5 ~/° ¢(s) := ( , - - 7 - J /  ' for s > 0. 

This funct ion at ta ins  its max imum value at 

3`1 + e  
8 - -  - - r  p 

e 

~ 3`l/ep = G1. 
get 
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/ 
and this value is equal to e x p ( ~ r P ) .  Because of this we have, for any constant 

K 

K1 > 0, 

(3.32) 

(3.33) E : E ( ("/1 ~-Sk 2([) rP ) sk/p 
2 k>(~h+2e)rp 

( ( 7  + e)]sk/p 2e)rPexp ( (71 + e) E :  E 
1 l<_k_<(vl+2~)r, ep 

Klexp ((7, $ + Q; 

- -  k>_l \ ~ - - ~ - ~ 1  = K2 < co. 

Thus it follows that  a < 71/ep. To show the opposite inequality, first note that  

if 0 < e < 71, then there are infinitely many k such that 

(3.34) 

Hence in the inequality 

(~/1 - ([~ sk/p 
]h[ak(K) >_ - -  . 

\ s k y  

(3.35) IAIak(K) <_ r - ~ M K , y ( r ) ,  

we can take r~k = esk/(71 - ([). We thus obtain 

(3.36) 

M K , f ( r s k )  > i fkIaa(K)r  sk > [rP(71_ - 1)) sk/p 
- -  - - ~ k  Sk 

= e sk/p = exp ep " 

Therefore, a _> 71/ep. | 

This completes the proofs of the two theorems. 

4. (p, q)-Order and (p,q)-K-type on varieties 

This final section is devoted to the main applications of the concepts of (p, q)- 

order and (p, q)-K-type to the study of the growth properties of trancendental 

entire functions on the complete intersection algebraic variety X in C m+n of 

codimension m > 1. We take K throughout to be a nonpluripolar, compact 

and/:-regular  subset of X. We introduce one further technical concept, that  of 

the maximum term of a transcendental entire function, in addition to the theory 

already developed in the previous sections, in our study of the growth properties 

of these transcendental entire functions defined on X. 
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Let f :  X --+ C be a transcendental entire function on a complete intersection 

algebraic variety X of codimension m > 1 in C m+~, which has a series expansion 

in the form 

f := E fkAk, 
k>l  

with respect to the orthogonal polynomial basis {Ak}k___l, with degree(Ak) = sk, 

where 

(4.1) 
1£ 

f k -  A2k(K) f.-Akd# 

and 

(4.2) IAIIAkI~ _< [Alak(K)r  "~- 

Set 

C, k := tfklak(K); 

then define the maximum term of the transcendental entire function f to be 

(4.3) 0 K , l ( r )  := sup{C~krSk},  r > 1. 
k>]  

We then have the following lemma which has the same proof as in [E-M, K.1]. 

LEMMA 4.1: / f  f :  X -+ C is a transcendental entire function on a complete 
intersection algebraic variety X of codimension m > 1 in C m+n of (p, q)-order p 
(b < p < oc) and (p, q)-K-type a with respect to the proximate order p(r), then 

logiP71] O K j ( r )  
(4.4) lim sup p(r) = aK -- a, 

~ - ~  (log[q-1] r) 

where OK,f is the maximum term of f . 

Proo~ See similar proof in [E-M, K1]. I 

Next define the function F(a)  - F(a;p,q) on 0 < a < 0% for the integer pair 

(p, q) with p > q > 1, by 

l + a ,  
F(a)  := max{l,  a}, 

O0, 

if p > q, 

i f p = q = 2 ,  

i f 3 _ p - - - - q  < oc, 

i f p =  q =  oo. 
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We can now state the main results of this section. The following two 

theorems give, respectively, sufficiently complete coefficient characterizations of 

the (p, q)-order and the (p, q)-K-type of a transcendental entire function defined 

on a complete intersection algebraic variety X in C m+n. We note here that  entire 

functions of index-pair (1, 1) are the polynomials. 

THEOREM 4.2: Let f: X --+ C be a transcendental entire function on a complete 

intersection algebraic variety X of codimension m > 1 in C m+n. Let K be a 

compact, nonpluripolar and E-regular subset of X .  Suppose, further, that f has 

a series expansion 

(4.5) f = Z fkAk,  
k>l  

in terms of the orthogonal polynomial basis {Ak }k>_l, where 

(4.6) f k -  A2(K ) f .Akd#,  

and sk = degree (Ak), k >_ 1. I f  for a pair of integers (p,q) with p > q >_ 1, 

p =- p(p, q) is defined by 

(4.7) p - p(p,q) := lira sup l°g[p] A//K,f(r) 
g[] r--+~ 10 q r 

then 

(4.8) p =- p(p, q) = V(0(p, q)), 

where 

log M sk 
(4.9) ~/= ~7(P, q) := lim sup l"s " 

k-+~¢ 1og[q-ll(1og(lfklak(K))- / k) 

Proof'. The proof is an adaptation from the one-variable ease along the same 
lines as the proof in [J-K-B.1], pages 61-62. However, in this case, at those places 

in the proof where the Cauchy estimate is used, we apply the Zeriahi version of 

the Cauehy estimate in Lemma 3.3. Now let us first assume that p(p, q) < oc. 

Then for any given e > 0 and a fixed large r0 = r0(e), we have from the definition 

of (p, q)-order that  

(4.10) 2t4Kj(r)  < exp [p-21 (log [q-1] r)o(p,q)+,, 
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for all r > r0. We can now apply Zeriahi's version of the Cauchy est imate  to 

obtain 

(4.11) log[fklak(K) < exp[P-e](log[q-1]r)P(P'q)+~ - sk logr,  

for all r > ro and for all k > ko = ko(e) for large fixed ko. 

Take for (p, q) ¢ (2, 2), 

1 

p(p, q) + e 

Then,  it follows from (4.11) that ,  for all k and (p,q) ~ (2,2), 

1 

sk [log[p_2] ( Sk ) ) p(p,q)+e skexp[q-2] \ \p(p,q)+e log]fklak(K) < 

Because p(p,q) > 1, for p = q, the above inequality for 3 < p = q < oo gives 

(4.13) 

and for p > q we obtain 

(4.14) 

p(p,q) _>max{1,~(p,q)},  

P(P,q) >-~(P,q). 

Now consider the case (p, q) -- (2, 2), and set 

1 ( r p(2, 2) + eJ = exp - -  

Then  from (4.11), we deduce that ,  for all k > ko, 

/ \ - - l / s k  )l/p(2,2)q-e--1 (p (2 ,2 )  + e -  1 

From this inequali ty we have directly tha t  

(4.15) p(2, 2) > 1 + V(2, 2). 

We combine the inequalities (4.13) , (4.14) and (4.15) to get 

(4.16) p(p, q) >_ r(r/(p, q)). 

It is then  easy to see tha t  (4.16) is valid for p(p, q) = cx). 
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Next assume that  z/(p, q) < cxz. Then given any e > 0, the definition of ~(p, q) 

implies that  

(4.17) Ifklak(K) < exp{--skexp[q-2](log [p-2] sk)l/~(P'q)+e}, 

for all k > k0. Since 

MK,S(r) _< ~ Ifklak(K)r s~ 
k=0 

= ~ Ifkla~(K)~ s~ + ~ Ifklak(K)~ ~ +P(k0), 
k=ko + 1 k=/3+ 1 

where P(ko) is a polynomial of degree at most Sko and with/3 suitably chosen so 

that  

s/3 < exp [p-2] (log [q-l] 2r)U(P'q)+e< 8/3+1, 

we can now apply (4.17) to get an estimate for AAK,/(r) of the form 

jk4 g J  (r) < exp{exp [p-2] (log [q- 1] 2r)V(p,q)+e } 
OO OO 

× E exp{--skexP[q-2](l°g[p-2] sk)l/v(P'q)+~} + E 2-k + P(ko). 
k=0 k 

But now both series in the above estimate converge so that for sufficiently large 

r we can deduce the inequality 

logt l exp - J (logI - l + logI J + o(1) 

This implies immediately that 

(4.18) p(p, q) < F(r/(p, q)). 

This inequality is clearly true for ~(p, q) -- c~. From the inequalities (4.16) and 

(4.18) we obtain the required result 

; (p ,  q) = r(n(p, q)). 

This completes the proof. | 
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THEOREM 4.3: Let f :  X --+ C be a transcendentM entire function on the 

complete intersection algebraic variety X of codimension m > 1 in C "~+n . Let K 

be a compact, nonpluripolar and E-regular subset of X .  Furthermore, suppose 

that f has a series expansion 

(4.19) f = E fkAk,  
k>_l 

in terms of the orthogonal polynomial basis { Ak }k>_'l, where 

(4.2o) 1£ 
f k -  A~(K) f.-Aad#, 

with Sk = degree(Ak),k >_ 1. Then f is of (p,q)-order p (b < p < ec) and 

(p, q)-K-type a with respect to any proximate order p(r) if  and only i f  

(4.21) 
a I ¢ l°g[P-2] sk 

= lim sup ~ E ~  ~ j 

where { (p_l) p-1 
- - - p 7  ' i f (p,q)  -- (2,2), 

T =  1,  
ep if (p, q) = (2, 1), 

1, otherwise. 

Here ¢ is the function defined in (2.6). 

Proof." The proof of this theorem proceeds along the same arguments presented 

in the proof of similar theorem in [E-M, K.1] in the case of transcendental entire 

functions studied in that paper. We will not reproduce the proof of that  paper 

here, except to mention that the most important changes occur at the points 

where the classical Cauchy inequality is used. For the case here we use instead 

Zeriahi's extension of the Cauchy inequality in Lemma 3.3. | 
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