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ABSTRACT

Let X be a complete intersection algebraic variety of codimension m >
1 in C™*", We define the notion of (p,q)-order and (p,q)-K-type for
transcendental entire functions f € O(C™+") where K is a non-pluripolar
compact subset of C™1". Further, we consider the analogues of (p,q)-
order and (p,q)-K-type in O(X). We discuss the series expansions of
the functions in O(X) in terms of an orthogonal basis in a Hilbert space
L2(X,u), where u is a capacitary extremal measure on K.

1. Introduction

The present work was inspired by the seminal paper of Zeriahi [Ze.1l]. The key
ideas of order and type and the role these play in the study of the growth of
transcendental entire functions in C™*™ are classical in complex analysis. The
one complex variable case is well represented in the work of B. Ja. Levin [Lev.1].
In several complex variables the standard reference is now the work of P. Lelong
and L. Gruman [Le-Gr.1] and, with a slightly different emphasis, Ronkin’s book
[Ro.1].

Our goal in this paper is to extend the notions of (p, g)-order and (p, ¢)-type
studied in [E-M, K.1] to transcendental entire functions f: X — C, defined on a
complete intersection algebraic variety X in C™*" of codimension m > 1. We
also introduce the new concept of (p,q)-K-type in our characterization of the
growth properties of these transcendental entire functions. The subset K we
use in the definition of (p, ¢)-K-type is assumed to be compact, nonpluripolar
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and a L-regular subset of X. £ = £L(C™™) and £ = L£(X) are the Siciak and
Sadullaev subfamilies of the plurisubharmonic (in short, psh) cones denoted by
PSH(C™™) and PSH(X), respectively. The definitions of these cones, extremal
functions associated to compact nonpluripolar sets and their important properties
are given in Section 2. Section 3 is devoted to the proofs of Zeriahi-type theorems.
In the final section of the paper we introduce the generalizations of the concepts
of (p, g)-order and (p, g)-K-type to varieties, and state and prove the main result
of this paper on the characterization of the growth properties of transcendental
entire functions on complete intersection algebraic varieties.

ACKNOWLEDGEMENT: We are very much indebted to A. Zeriahi and
A. Sadullaev, whose cited papers were instrumental in starting this paper, and
we are grateful to the referee for his perceptive observations, suggestions and
comments which helped to restructure the presentation of this paper.

2. Preliminaries on (p,q)-order and (p, q)-K-type

In this section we recall some central classical notions of order and type, (p,q)-
order and (p,q)-type, where p, and ¢ are non-negative integers such that p >
g > 1. Most of these results have been discussed in greater detail in the paper,
[E-M, K.1], but for ease of reference we state some of the definitions and key
lemmata here. As in, [E-M, K.1], let 6: C™*™" - Ry :={r € R 7 >0} be a
real-valued function such that the following properties hold:

(i) 6(z + w) < §(z) + O(w),Vz,w € C™*™,

(i) 8(bz) = |bla(2),Vz € C™T" Vb€ C,

(iii) 8(z) = 0 <= 2z = 0. In this case é is a norm on C™*" and it exhausts
the complex space C™*" by a family of sublevel sets {Qc}c>1 which are defined
by

Q.= {2 € C™™: §(2) <c,ce R}
Let ¥: C™" — R,. Define the maximum of ¥ with respect to the norm
§ by My s(r) = sups;,)<, ¥(2), for each r € Ry. Let f: C™*t"™ — Cbe a
transcendental entire function on C™*". Then, we say that f is of order p, if
log | f| is of order p, where

. log(M,5(r))
(2.1) pi= hrn—ligp oar

If p < 400, f is said to have maximal, normal or minimal type if

(2.2) o = limsup M%@

r—oo
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is infinite, finite or zero, and ¢ is said to be the type of the function f with
respect to the norm 4.

Definition 2.1: A proximate order p(r) for the order p > 0 is a function p(r) > 0
defined for each r € Ry such that

() lim, 00 p(r) = p and

(1) lim, 00 p' ()7 logr = 0, where p'(r) is the derivative of p(r) with respect

to r. If Y
o = limsup Mys(r)

r—o0 re(7)
is finite, we say that p(r) is the proximate order of the transcendental entire
function f: C™t" — C

Definition 2.2: A transcendental entire function f: C"™*t™ — C is said to be of
(p, g)-order p if

log!?!
(2.3) p = p(p, q) = limsup log™ Mys(r)

7500 log[q] ro

where logl®l y = expl=sly = log[s—ll(log y) = exp(expl=>"Uy),s = 0,£1£2,...,
provided that 0 < log[s_l] < oo and log[O] y = expl%y = y with p, ¢ integers such
that p> ¢ > 1.

Definition 2.3: A transcendental entire function f: C™*" — C is of index-pair
(p,q),p > q>1,if b < p(p,g) < oo and p(p — 1,q — 1) is not a nonzero finite
number where b=1ifp=gand b6=0ifp > ¢.

(I) If p(p,q) is never greater than 1 and p(p’,p’) = 1 for some integer p’ > 1,
then the index-pair of f(z) is defined as (s, s) where

s = inf{p": p(p',p') = 1}.

(IT) If p(p, q) is never nonzero finite and p(p”, 1) = 0 for some integer p” > 1,
then the index-pair of f(z) is defined as (k, 1), where

k :=inf{p": p(p”,1) = 0}.
(I11) If p(p,q) is always infinite, then the index-pair of f(2) is defined to be
(00, ).
(IV) If f(z) has the index-pair (p, ¢), then p = p(p, q) is called the (p, ¢)-order
of f(z).

To compare the growth of transcendental entire functions having the same
(p, q)-order, we introduce the concept of (p, ¢)-type as follows:
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Definition 2.4: A transcendental entire function f on C™™ of (p,q)-order
p (b < p < o0) is said to be of (p,q)-type o if

log?— 1
(2.4) o = o(p,q) = limsup Mﬂ—gﬁ, <o <
r—+00 (1Og[‘1—1] ’l")

whereb=1ifp=qgand b=0ifp > q.

Definition 2.5: A transcendental entire function f, having index-pair (p,q), is
said to be of (p, g)-growth {p, o} if it is of (p, g)-order that does not exceed p and
its (p, g)-type does not exceed o if it is of (p, g)-order p.

Definition 2.6: A positive function p(r) defined on [rg,00],7¢ > expld=11, is a
proximate order for a transcendental entire function f on C™*™ with index-pair
(p,q) if:

(I) p(r) = p(p,q) = pasr —o00,b< p<co.

(I1) /\[q](r)p’ —0asr > 00,b=1ifp=¢qg,b=0if p > qand /\[T](r) =
H;zl logh! r, where p/(r) is the derivative of p(r).

If, in addition to conditions (I) and (II), we have for b < p < oc that

log[p_ll M;is(r)

(2.5) lim sup =oa(p,q) =0, 0<0<o00,

Too (log[q—ll r) oL

then p(r) is said to be the proximate order of the trancendental entire function
f(2) if o is nonzero and finite.

LemMMA 2.7 (E-M, K.1): (logl*~ Y r)?(")=4 is a monotone increasing function of
r for 0 < rqg < r < oo, where A =1 if ¢ = 2 and zero otherwise.

Since (log!?~ ! r)P()=4 is 5 monotone increasing function of r, we can define a
real-valued function ¥(z) of z > zo > 0 to be a unique solution of the equation

(r)—A
(2.6) z = (log[q“11 fr)p = P(z) =loghtUr,

To introduce the important concept of (p,q)-K-type for trancendental
functions on C™*" we need some precise information on the R;-convex cone
of plurisubharmonic functions (in short, psh functions) denoted by PSH(.), and
on C™*" write PSH(C™*™). In particular, we are interested in the subcones of
extremal functions studied by Siciak [Si.1} on C™*" and Sadullaev {Sd.1, 2] on
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the complete intersection variety X in C™*". Let £ := £(C™*") be the class of
all functions u which are plurisubharmonic on C™*" and satisfy the condition

(2.7) u(z) <log(l+||2||) +O(), as|z|| = +oo,

where ||.|| is the Euclidean norm on C™*”. This is the space of plurisubharmonic
functions of logarithmic growth. Since M(r) := supy, g u(2) is a convex, in-
creasing function of R € R, we see easily that £ consists of plurisubharmonic
functions of minimal growth. For K a compact subset of C™*", we define the
Siciak extremal function associated to K by

(28) Vie(€) i= sup{v(C): v € L;0(¢) < 0,%¢ € K},
Let
(2.9) Vi(z) := lircn sup Vi ({)

be the upper semi-continuous regularization of Vx. This function has been
studied extensively by Siciak [Si.1} and Sadullaev [Sd.1, 2]. The function Vi
is in general not smooth on C™*™ \ K when m+n > 0. It is a theorem of Siciak
[Si.1] that either V% = 400, in which case the set K is pluripolar, or else Vi is
psh and

(2.10) Vi(2z) <log(l|z|| + 1) + O(1), as ||z|| = +oo.

If Vi is continuous on C™*™, then Vx = V% € L. In the paper [Sd.2], Sadul-
laev studied the case of these extremal psh functions on a complete intersection
algebraic variety, X of codimension m > 1 in C™*”, This variety is, in fact, the
intersection of m hypersurfaces that are transverse at each point of their intersec-
tion. If K is a compact subset of C™*™ which is nonpluripolar on each irreducible
component of a complete intersection variety X, then the upper semi-continuous
regularization of Vi can be defined on X by

(2.11) Vi(z) ==limsupVk(¢), C€K, z€ X.

(—z

This function is psh on X and satisfies

(2.12) Vi (2) < log(llzll +1) + O(1),
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where

(2.13) Vi (z) == sup{v(2): v € L{X);v({) <0,V € K,z € X}.

The subcone £(X) is given by

(214)  L(X) = {v(2): v € PSH(X);v(2) < log(||z| +1) + Cy,2 € X},

where C, is a constant depending only on the psh function v. It is a result of
Sadullaev that if, for all z € K, Vi is continuous, then Vg is continuous on X.
In this case we say that K is L-regular in X. We define the sublevel sets of the
extremal function Vg by setting

(2.15) Qo ={2€X:Vk(z)<a}, a>1,acR

Suppose K is a compact nonpluripolar subset of C™*™, and that the associated
function Vi to K is L-extremal on C™"; we can define the sublevel sets of the
upper semi-continuous regularization V% of Vi by

(2.16) Q= {zeC™" ™ expVg(z)<r}, r>1

Observe that the sequence of sublevel sets {{2,},~1 exhausts the complex space
Cmtn, For f: C™*" — C a transcendental entire function, set

(2.17) Mk (r) = sup |f(z)], r>1.
z€Q,

One shows easily that log™ My ; and logT My s(r) give the same order, called
the order of the transcendental entire function f on C™*™ and given by

log log™ Mk 4(r)
logr ’

(2.18) p = p(f) = limsup

Most of the definitions that follow are inspired by, and in fact in some sense
are contained in, Zeriahi’s paper [Ze.1]. This paper had its origin in trying to
understand the cases studied by Zeriahi. If the order of f, p = p(f), is nonzero
and finite (0 < p < 00), we define the K-type of the transcendental entire function
f on C™*" by

1 +
(2'19) O = UK(f) = UK,f = limSup gg_'/\/t_ﬂ)_
r—00 TP
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The definitions of order and K-type given in (2.18) and (2.19) easily generalize to
the case of transcendental entire functions on the complete intersection algebraic
variety X of codimensionm > 1in C™*™. The definition for the case of proximate
order p(r) similarly generalizes to this case. Let K be a compact, nonpluripolar
and L-regular subset of X, and let i be the extremal capacitary measure on K
given by

(2.20) . (ddcv,’;)”.

It is known that for a nonpluripolar set K this measure is a positive Borel measure
supported on K. Further details on this can be obtained from the interesting
paper of E. Bedford and B. A. Taylor [B-T.1].

Here we reformulate the definitions of (p, ¢)-order and (p, ¢)-K-type in a form
most suitable for our purposes. We shall need this formulation in the final section
of the paper. Let f: X — C be a transcendental entire function on a complete
intersection variety X. Then we write the (p, g)-order p and the (p, ¢)-K-type in

the forms:
. log?! M r
(2.21) p = p(p, q) := limsup g—“K’—f()
=00 log'? r
and
o =0k =0k (p,9q)
(2.22) log!? ™! M s (r)

:= lim sup

y 0<o<o0,p2g21
e <log[q'1] 7') o

3. Proofs of Zeriahi-type theorems

This section provides new proofs of the Zeriahi-type theorems. In his paper,
Zeriahi refers to the book by Boas [Bo.1] for the rest of the proof to his theo-
rems. Since this book deals with the one-variable case and is often not a current
reference source in most libraries, we felt the need to provide here, in compact
form, independent proofs of these theorems. In any case, we required a knowledge
of the structure of the proofs as an aid to the generalizations to the case of (p, q)-
order and (p, q)-K-type on complete intersection algebraic varieties in C™+". In
the paper [Ze.1], Zeriahi constructed an orthogonal polynomial basis { Ay }x>1 for
the space O(X) of holomorphic functions on the complete intersection algebraic
variety X. The basis is orthogonal in the Hilbert space L?(X,u), essentially
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by means of the Hilbert—-Schmidt process. This basis is carefully constructed

from the sequence {ex}x>1 of linearly independent polynomial monomials on X
defined by

(3.1) ei(z) =229, zeX,jeN

The details of this construction can be found in Section 3 of Zeriahi’s article
[Ze.1].
We can now state Zeriahi’s Bernstein-Markov type Inequality:

BM: Ve > 0, there exists a constant C, > 0 such that
(32) sup 11(2) < Cul1-+ 9280 ([ 11Pan)”
2eK

for every holomorphic function f with polynomial growth on the complete inter-
section algebraic variety X and K is a nonpluripolar compact subset of X.

Set

(33) an(w) = ([ 1aan) ", k21
and
(3.4) ag(K) == rzneai%(IAk(z)l, k>1.

If the extremal function Vi associated with K is continuous for every z € K,
then Vi is continuous on X and L-regular, so instead of defining sublevel sets for
the upper semi-continuous regularization we might just as well define the same
for Vi by setting

(3.5) Q, = {z € X: Vg(2) <logr,r € R,r > 1}.

Then we have

L |4k
(3.6) Vk(z) > " log (ak(K))’
where
(3.7) (Akl'ﬁ, < ak(K)rs", Sk = degree(Ak).

Let P4(C™*™) denote the the C-vector space of polynomials p: Cm*t™ — C of
degree < d for d > 1. Let £%(K, ) denote the closed subspace of the Hilbert
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space L2(K, 1) generated by the restriction to K of polynomials p € Py(C™t")
of degree(p) < d, with d > 1. Then every function f € £%(K,u) has a power
series expansion in the form

(338) F=Y fh,
k>1
with
1 _
(3.9) e = 5 /K f Adps

here . is the dot product of vectors.
We are now in a position to state the main theorems of this section largely due
to Zeriahi in his paper [Ze.1].

THeOREM 3.1: If f: X — C is a transcendental entire function on X with a
series expansion

(3.10) F= fuhe,

E>1

with respect to the orthogonal polynomial basis { Ax}x>1, where

1 —
. = —— . = A >
(3.11) fx A (K) /K [ Apdp, sp = degree (Ag), k>1

and . is the dot product of vectors, then f is of finite order p iff

1
(3.12) p1 = limsup 5k 08 5k

k—oo — log(]fklak (K))

< 400,

and p = py.

THEOREM 3.2: Let f: X — C be a transcendental entire function on X which
has a series expansion of the form

(3.13) F=Y s,

k>1

in terms of the orthogonal polynomial basis { Ax}x>1, where

1 —
f=«—/ LArdp, sy = degree (Ay),
© = AR Kf kdy, sx = degree (Ay)
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and the . stands for the dot product of vectors. Then f with a finite order p
(0 < p < 4+00) has finite K-type 0 (0 < 0 < +00) iff

o/S
(3.14) epoy = limsup s (lfk|ak(K)) F < +00,

k—o00
and o1 = 0.

For the proofs of Theorems 3.1 and 3.2 we need the following crucial Lemma
of Zeriahi extending the classical Cauchy Inequality.

LEMMA 3.3: Let f = ZkZI fxAx be a holomorphic function on X. Then for
every 0 > 1, there exist an integer Ng and a constant Cy > 0 such that

(r+ 1)Ne

(3.15) | filrs Ar(K) < Ca(T_T)mlfklmn

for every r > 1, k > 1, where Cy and Ny are independent of r,k and f.

We shall give here independent proofs of the two theorems above. The ideas
of the proof are implicit in Ronkin’s proof, in [Ro.1], of a similar theorem due to
Goldberg. We begin with the proof of Theorem 3.1

Proof: We shall first demonstrate that p; < p. To do this we use the inequality

Mg ¢(r
(3.16) rdae(re) < 2240
If p; = 0, clearly p; < p so there is nothing to prove. Now assume 0 < p; < 0.
If p; < oo, define p. = p1 — ¢, for small € > 0, so that p; > 0. Let pe > 0
be arbitrary if p; = +oo. Then it easily follows that for infinitely many indices

k > 1, we have that log(| fr|arx(K)) < 0 and

(3.17) sk log s > pelog m
k|0k

We immediately see that for these indices k£ we can deduce that

(318) tog | flax () ) > ~ =B

€

and

lo
(3.19) log Mx 5(rs,) 2 log(lfklak(K)) + silogr > s (logr - gsk)_

€
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1/pe
Set r5, = (esk) ? . Then we have log Mg ¢(rs,) > sk/pe and

(3.20) log o Micslon) , p, (1085 ~ 108 c)
log7s, log sy + 1

We can now conclude that

logl logl 5
(321)  p=limsup BIEMs () o o o 10sloe My ()

2 p
7—00 lOgT o0 IOg Tsy

> Pe.
Since pe is an arbitrary real number, smaller than p, it follows that p > p;. In
the next step we have to show that p < p;. First observe that if p; = +o00, there
is nothing to prove. Assume then that p; < oo and let € > 0. For a sufficiently
large integer k&, we have

1
(3.22) 0< — kB% ot
— tog (| fxlax(K)
That is to say,
—sk/(p1te)
(3.23) | filaw (K) < (sk) :

This condition implies that f is a transcendental entire function. Since adding
a polynomial will not change the order of a function, we can assume that (3.23)
holds for every k > 1 and set ag(K) = 0. Thus for r > 1,

(3.24) Mk f(r) < Z | felax (K)r®s < Z(sk)_sk/(Pl+€)rsk - Z+Z,
1 2

k>1 k>1

where 21 _ Zlgksmr)”l""f S;sk/(P1+€)rsk and 22 - Ekz(zr)mﬂ 3;5k/(ﬂ1+€),rs;=.
In , we have rk~Y(pt+e) < 1 g5 that < 1. On the other hand
2 2 2 )

. — 2k
Z < T,(Zr)p1+ Zsk e < Klexp((zr)p1+e Iogr)
1

(3.25) k21

< ngxp(r”1+2‘),

for some constants K7 > 0 and K, > 0. Hence it follows that p < p; + 2¢. Since
€ > 0 is arbitrary, the theorem follows. ]

The proof of Theorem 3.2 now follows:
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Proof: We let y; = epoy, and then set
. o/5k
(3.26) Y1 = limsup s (lfk\ak(K)) :
k—oo
If 71 < oo, the function f can have at most the order p, and if 71 > 0 then f

must have at least the order p. That is, if we let ¢ > 0 and if 3 > 0, then for
sufficiently large k

(3.27) se(1lax(K)) " < e

so that one immediately deduces that

(3.28) log (s (1felan(K))”'™ ) < log(3 +¢).

This then implies the following inequality:

s, log sk )
(329) log(felax(K)) = (1= log(Z25))

Furthermore, it follows from Theorem 3.1 that the order of f is at most p. The
other statement is demonstrated similarly.
Let us now assume that 0 < 71 < oo and then show that in this situation

o < v1/ep = o1. For this let us take any € > 0; then for k sufficiently large we
get

(3.30) rlan() < (B2,

Sk

Suppose that (3.30) holds for k£ > 1 and that ag(K) = 1, since adding a polyno-
mial to f will not change the type of the function. Then

B3 1G] < Y I, < ¥ ldar < Y(r(229))™,
k>1 k>1 k>1 k

using (3.30). Now consider the function
— P Y1 +¢€ s/p
#(s) : (r (————S )) , fors>0.

This function attains its maximum value at

1+ €
s:——’y rf
e
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and this value is equal to exp(gg;—‘r”). Because of this we have, for any constant
K; >0,

= 2 ((7 = )Sk/p < (n+ 2€)r"exp(—_—(% +9 )

8 €
1 1<k<(mt29re . F p

?

333) = % (Mw)s”” < Z(—%l%;;)s”p = K < oo,

S
2 k> (y1+2¢€)re k k>1

(3.32) < Klexp((—%—;:ﬁrp>‘

Thus it follows that ¢ < -y;/ep. To show the opposite inequality, first note that
if 0 < € < 71, then there are infinitely many & such that

. sk/p
(3.34) | filax (K) > (71 6) .
Sk
Hence in the inequality
(3.35) filar(K) < r™% Mg ¢ (r),

we can take rs, = esi/(y1 — €). We thus obtain

MK,f(’I‘sk) > 'fklak(K)’f’sk > (TI‘:‘(%S—_D)SUP
(3.36) / o .
= e%k/P :exp(Trﬂ )

Sk

Therefore, o > 1 /ep. |

This completes the proofs of the two theorems.

4. (p,q)-Order and (p,q)-K-type on varieties

This final section is devoted to the main applications of the concepts of (p, q)-
order and (p, g)-K-type to the study of the growth properties of trancendental
entire functions on the complete intersection algebraic variety X in C™*" of
codimension m > 1. We take K throughout to be a nonpluripolar, compact
and L-regular subset of X. We introduce one further technical concept, that of
the maximum term of a transcendental entire function, in addition to the theory
already developed in the previous sections, in our study of the growth properties
of these transcendental entire functions defined on X.
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Let f: X — C be a transcendental entire function on a complete intersection
algebraic variety X of codimension m > 1 in C™*", which has a series expansion
in the form

F=) feds,

E>1

with respect to the orthogonal polynomial basis {Ax }x>1, with degree(Ay) = s,

where
1 —
(4.1) fe= ‘A—Igc(—K‘)‘/Kf'Akdll
and
(4.2) | fillAklg, < |fklan(K)res.
Set,

Cs, = |frlar(K);

then define the maximum term of the transcendental entire function f to be

(4.3) Ok f(r) :=sup{C,,r**}, r>1
k>1

We then have the following lemma which has the same proof as in [E-M, K.1].

LeEMMA 4.1: If f: X — C is a transcendental entire function on a complete
intersection algebraic variety X of codimension m > 1 in C™*" of (p, q)-order p
(b < p < o0) and (p,q)-K-type o with respect to the proximate order p(r), then

(4.4) limsup —=—— =~ =gk =07,

where O s is the maximum term of f.
Proof: See similar proof in [E-M, K1]. |

Next define the function I'(a) = I'(a;p,¢) on 0 < a < oo, for the integer pair
(p,q) withp>¢>1, by

o, if p>gq,

1+ q, fp=¢q¢q=2
P(a) = tp=g=2
max{l,a}, if3<p=g<oo,

00, if p=gq=o0.
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We can now state the main results of this section. The following two
theorems give, respectively, sufficiently complete coefficient characterizations of
the (p, g)-order and the (p, ¢)-K-type of a transcendental entire function defined
on a complete intersection algebraic variety X in C™*™. We note here that entire
functions of index-pair (1,1) are the polynomials.

THEOREM 4.2: Let f: X — C be a transcendental entire function on a complete
intersection algebraic variety X of codimension m > 1 in C™*". Let K be a
compact, nonpluripolar and L-regular subset of X. Suppose, further, that f has

a series expansion

(4.5) f=> frhx,

k>1

in terms of the orthogonal polynomial basis { Ay }x>1, where
(46) o= 57y | S vl
. k= oo Agap,
AY(K) Jk

and s, = degree (Ag), k > 1. If for a pair of integers (p,q) with p > q > 1,
p = p(p,q) is defined by

log® M ¢(r)

(4.7) p = p(p,q) :=limsup B ;
r—00 log'% r
then
(4.8) p = p(p,q) = T'(n(p, 9)),
where
) log!? s
(4.9) n = n{p,¢) := limsup E_Ck

k—oo log[q_ll (log(]fk|ak(K)) _l/sk) ‘
Proof: The proof is an adaptation from the one-variable case along the same
lines as the proof in [J-K-B.1], pages 61—62. However, in this case, at those places
in the proof where the Cauchy estimate is used, we apply the Zeriahi version of
the Cauchy estimate in Lemma 3.3. Now let us first assume that p(p,q) < oc.
Then for any given € > 0 and a fixed large rg = ry(€), we have from the definition
of (p, g)-order that

( ¥ )+€
(4.10) Mg 5(r) < explP—2 (log[q_” 'I‘)P g ,
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for all » > ry. We can now apply Zeriahi’s version of the Cauchy estimate to
obtain

(p.g)+e
(411) lOg Ifklak(K) < exp[p—z] (10g[q"'1] r)p P,9

— s logr,

for all r > rg and for all k > kg = ko(e) for large fixed ky.
Take for (p,q) # (2,2),

G e R

Then, it follows from (4.11) that, for all k and (p,q) # (2,2),

1
__sk ) lg—2] [p—2] Sk plp.q)+e

— SEeXp lo PR S— .
p(p,q) + e ( & (p(p,q)+€))

Because p(p,q) > 1, for p = g, the above inequality for 3 < p = ¢ < oo gives

log | fx|ax(K) <

(4.13) p(p,q) > max{1,9(p,q)},
and for p > ¢ we obtain

(4.14) p(p,9) > n(p, q)-
Now consider the case (p,q) = (2,2), and set

1
Sk ) P Te—1

r= _—
eXp(p(2,2) +e€

Then from (4.11), we deduce that, for all & > kg,

ee(inintt) "> (g ()

From this inequality we have directly that
(4.15) p(2,2) > 1+n(2,2).
We combine the inequalities (4.13) , (4.14) and (4.15) to get

(4.16) p(p,q) > T(n(p,q)).

It is then easy to see that (4.16) is valid for p(p,q) = oco.
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Next assume that 7(p,q) < co. Then given any € > 0, the definition of 7(p, q)
implies that

(4.17) | frlar(K) < exp{—sexpl?(logl?~7 s,)1/nPD)te),

for all k > kg. Since

M s(r) < | felaw (K)r
k=0
8 0o
Z |felae(B)r®s + 3 |felar(K)r*s + Plko),

=ko+ k=p0+1

where P(kg) is a polynomial of degree at most s, and with 3 suitably chosen so
that

1(p.q)+e
) < S8+1,

58 < explP~2 (log[q_l] 2r
we can now apply (4.17) to get an estimate for Mg ;(r) of the form
M () < exp{explP—2 (logle™ 1l 27‘)’7(”"1)4'5}

xZexp{ —spexpleA(loglP~ 5;)1/n(p.a) +e}+22 k 4 P(ko).
k=0

But now both series in the above estimate converge so that for sufficiently large
r we can deduce the inequality

n(p.q)+e

log! M ;(r) < exp?= (Iog[q_l] 21") +log® 7 + o(1).

This implies immediately that

(4.18) p(p.q) < T(n(p,q))-

This inequality is clearly true for 7(p,q) = co. From the inequalities (4.16) and
(4.18) we obtain the required result

p(p,q) = T'(n(p,q))-

This completes the proof. 1
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THEOREM 4.3: Let f: X — C be a transcendental entire function on the
complete intersection algebraic variety X of codimensionm > 1 in C™*"*, Let K
be a compact, nonpluripolar and L-regular subset of X. Furthermore, suppose
that f has a series expansion

(4.19) f=2 fedn,
E>1
in terms of the orthogonal polynomial basis { Ay }x>1, where

1 —_
(4.20) Je= m/;(f-fikd#,

with sx = degree (Ag),k > 1. Then f is of (p,q)-order p (b < p < o) and
(p, q)-K-type o with respect to any proximate order p(r) if and only if

p—A

" (log[p_2] 3k>

@2n) T e e |
where p—1

Q%%_,ﬁm®=@%

T= i if (p,q) = (2,1),

1, otherwise .
Here 9 is the function defined in (2.6).

Proof: The proof of this theorem proceeds along the same arguments presented
in the proof of similar theorem in [E-M, K.1] in the case of transcendental entire
functions studied in that paper. We will not reproduce the proof of that paper
here, except to mention that the most important changes occur at the points
where the classical Cauchy inequality is used. For the case here we use instead

Zeriahi’s extension of the Cauchy inequality in Lemma 3.3. |
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